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A!{ EXACTLY SOLVABLE ONE-DIMENSIONAL ELECTRON-PHONON SYSTEPI 

J.  VOIT and H. J .  SCHULZ 
L a b o r a t o i r e  de Physique des S o l i d e s ,  91405 Orsay, France 

A b s t r a c t  An extended Tomonaga-Lutt inger model i n c l u d i n g  f o r -  
ward s c a t t e r i n g  bo th  f rom e l e c t r o n - e l e c t r o n  and e lec t ron -pho-  
non i n t e r a c t i o n  i s  so l ved  e x a c t l y  u s i n g  b o s o n i z a t i o n  tech-  
n iques.  We c a l c u l a t e  c o r r e l a t i o n  f u n c t i o n s  f o r  t h e  r e l e v a n t  
i n s t a b i l i t i e s  and g i v e  a phase diagram. 

INTRODUCTION : TOMONAGA-LUTTINGER MODEL AND BOSONIZATION NETHOD 

We cons ide r  an extended Tomonaga-Lutti nge r  model i n c l u d i n g  f o r w a r d  
s c a t t e r i n g  (g2-processes i n  t h e  "g-o logy"1 anguage) by e l e c t r o n -  
e l e c t r o n  i n t e r a c t i o n  and e lect ron-phonon i n t e r a c t i o n .  A somewhat 
s i m p l e r  model ( w i t h o u t  e l e c t r o n - e l  c t r o n  i n t e r a c t i o n )  was considered 
p r e v i o u s l y  by Engelsberg and Varga? ; t h e  f i r s t  s teps o f  o u r  c a l c u -  
l a t i o n  a r e  i n s p i r e d  by t h e i r  t rea tmen t .  

We immediate ly  w r i t e  down o u r  H a m i l t o n i a n  i n  t h e  boson fo rm 

H = He' + HoPh t H e l - e l  + ,,el-ph 
( l a )  0 

The b o s o n i z a t i o n  method i s  d iscussed elsewhereL; we s h a l l  n o t  
go i n t o  d e t a i l s  here. I t s  p h y s i c a l  i d e a  i s  t h a t  t h e  e lementary 
e x c i t a t i o n s  abou t  t h e  ground s t a t e  a r e  c o l l e c t i v e  p a r t i c l e - h o l e  
modes. I t  can be proved t h a t  t h e  d e n s i t y  o p e r a t o r s  obey boson com- 
m u t a t i o n  r u l e s  and t h a t  t h e  e i g e n s t a t e s  o f  t h e  bosonized Hami l ton ian 
form a complete se t .  

I n  ( 1 )  v i s  t h e  Fermi v e l o c i t y ,  t h e  two branches o f  t h e  l i n e a -  
r i z e d  d i s p e r s f o n  r e l a t i o n  (denoted by r +, - )  ex tend  f rom +m t o  
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450 I. VOIT AND H. J .  SCHULZ 

--. I t  i s  essen t ia l l y  the  l i nea r i zed  d ispers ion  r e l a t i o n  toge- 
t h e r  w i t h  the l i m i t a t i o n  t o  small momentum t r a n s f e r  sca t te r i ng  tha t .  
al lows an exact so lu t i on  o f  the  problem. ur(k)=pr(k), or(k) stands 
f o r  charge o r  sp in  densi ty exc i ta t i ons  which obey the  commutation 
r u l e  

(ur(k)s v,!.i(k')) = - 611,v~ 6 r , r~  6k,ki(rkL/2l l)  (2 )  

( k )  i s  the charge o r  sp in  densi ty p a r t  o f  the e lec t ron i c  cou- 
p 1 g constant and g ( k )  i s  the  electron-phonon coupling. (The 

phonons do not couple t o  the sp in  dens i ty ) .  p i  is  the  canonical ly 
conjugate momentum t o  the  phonon coordinate qk. 

DIAGONALIZATION OF THE HAMILTONIAN 

Following Engel sberg and Varga we perform a canonical transforma 
t i o n  o f  the  densi ty operators t o  "phonon-li ke" coordinates 

Ph 
g? x 

1 

('k = vF l k l )  

Solv ing now the Heisenberg equation o f  motion we ob ta in  the  f o l l o -  
wing eigenvalues ( c f  f i g .  1) 

h i ( k )  = C[,o n i  
f o r  the sp in  densi ty exc i ta t ions ,  
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AN EXACTLY SOLVABLE ONE-DIMENSIONAL ELECTRON-PHONON SYSTEM 451 

' FIGURE 1 : Eigenvalues o f  t h e  
H a m i l t o n i a n  ( 1 )  f o r  m o l e c u l a r  
phonons. The dashed l i n e s  a r e  
f o r  g = 0. 

Ph 

INSTABILITIES I N  THE SYSTEM 

A s t r i c t l y  one-dimensional system cannot  undergo a t r a n s i t i o n  t o  a 
l o n g  range o rde red  phase. We t h e r e f o r e  l o o k  a t  t h e  d ivergences o f  
t h e  c o r r e l a t i o n  f u n c t i o n s  o f  CDW-, SDW-, SS-, and T S - f l u c t u a t i o n s  

R.(xt,OO) J = - i < T  [O . (x t )  J Oi(OO))> (10) 
t 3 The o p e r a t o r  OCDW(xt) c rea tes  a CCW-f luctuat ion a t  ( x , t ) ,  e t c  ... . 

l a t i o n  f u n c t i o n s  and s e t t i n g  t = 0 we o b t a i n  a power l a w  
Looking o n l y  a t  t he  asympto t i c  behav iou r (x+ - )  o f  these c o r r e -  

Rj(xO,OO) 'L e x p ( 2 i k F x ) l x l  J , j = CDW, SIN , ( 1 l a )  

(lib) 

- 2 t a .  

R . ( ~ o , o o )  J 'L l x l - 2 + a j  , j = ss, TS ; 

o r  i n  k-space, f o r  smal l  k, 

Rj(k,w) 'L (max(vFk, u ) ) - " j  . (12 )  

Fo r  t h e  d e n s i t y  wave response f u n c t i o n s  k i s  t aken  r e l a t i v e  t o  2kF. 
aj i s  g i v e n  by 

A '  = kim h ( k ) / n k  and a l l  t h e  c o u p l i n g  cons tan ts  a r e  taken  a t  k = 0. 

: i f  we c o n s i d e r  
t h e  fo rward  s c a t t e r i n g  p a r t  o f  m o l e c u l a r  ( d i s p e r s i o n l e s s )  phonon 

p - 0  
For  k 4  we can g e t  s imp le  express ions f o r  A; 
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452 J .  VOIT AND H. 1. SCHULZ 

modes, we ob ta in  

Ab=tl-( 92 ,p/nVF) 2'( 2gih/"vFwg) (1-92 ,P /nvF)) 'I2 9 (14) 

and fo r  acous t ica l  phonons ( w i t h  sound v e l o c i t y  vs) 

A"(1-(g2,p/nVF)2t(Vs/VF)2(2g~h/nvF)( l tg2 r P  /"")-')''* . (15) 

The phase diagram f o r  molecular phonons i s  g iven  i n  f i g .  2. 

-1 I 

FIGURE 2 : Divergent f l u c t u a  
t i ons  i n  the g2,D -g,h plane 
f o r  s p i n  i s o t r o p i c  e iec t ron-  
e l e c t r o n  i n t e r a c t i o n  (g2 ,  o=O 
yP = g2,p/"vF and 
Yph = 2g&/nVF &I2* 

I n  the reg ion  ( X )  the  model 
i s  no t  we l l  defined. 

Note t h a t  (1 )  i n  the  exponents o f  the c o r r e l a t i o n  func t ions  
the  phonon coupl ing terms add t o  the square o f  the  e l e c t r o n i c  
couplings ; ( i i )  acoust ical  phonons g i ve  con t r i bu t i ons  on ly  i n  
second order i n  v /vF ; ( i i i )  f o r  s p i n  an i so t rop i c  e lec t ron-e lec t ron  
i n t e r a c t i o n  s i n g l 8 t t  i n s t a b i l i t i e s  a re  favoured f o r  g2,u > 0, tri- 
p l e t t  i n s t a b i l i t i e s  f o r  g2 < 0. 

This work p r o f i t e d  from f i n a n c i a l  support by S tud iens t i f t ung  
des Deutschen Volkes (Bonn) and M i n i s t r y  o f  Indus t ry  and Research 
(Paris) 
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